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Exercise Booklet 8 


1 Areas, signed areas, 
and definite integrals 


Exercise 1 


By using eight subintervals as shown below, 
find an approximate value for the area 
between the graph of the function 

f(x) =6 — $72? and the z-axis. 


Exercise 2 
'The areas of some regions on a graph are 
marked below. 


In each of parts (a)-(h), use these areas to 
find the signed area between the graph and 
the x-axis, from the first value of z to the 
second value of x. 
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a) From z = —3 to 2 = 3. 
b) From z = —3 to z = 8. 
c) From x = 3 to x = 10. 
d) From z = —4 to 1 = 3. 
e) From z = —3 to x = —4. 
f) 


5 
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From z =3 to z = —4. 
From z = 10 to z = —3. 


From xz = —4 to x = 10. 
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Exercise 3 


Consider the function f whose graph is shown 
below. The areas of some regions are marked. 
By using these areas, find the values of the 
following definite integrals. 


7 7 
(a) f f()de (b) f Fajas 
10 


fle) dz 


3 


3 
(c) f Jade (d 
2 


= E 
o | Joa ON) f(x) de 
10 7 
YA 
104 
9 23 
7 
—4-3- A 156 48 9107 


| MERE | 
Vis 23 
—108 


2 The fundamental 
theorem of calculus 


Exercise 4 


Evaluate each of the following definite 
integrals. Give exact answers, and also give 
answers to three significant figures. 


(a) f Wade 43 f (at — 2?) de 
(c) [Orga 
(d) [ (e+ ave+ 2) as 


71/3 v3 2 
(e) f cosec? 0 dà (f) f 
71/6 a 
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Exercise 5 


Evaluate each of the following definite 
integrals. Give exact answers, and also give 
answers to three significant figures. 


2 
(a) f (2x + 3) (x — 4) dz 


Exercise 6 


Evaluate each of the following definite 
integrals. Give exact answers, and also give 
answers to three significant figures. 


T/3 
(a) / (2 cos 0 — sin 0) dé 
0 


2n 
(b) f (3sin z + 2 cosg + 2) dz 
—2r 


(c) [ (e e 
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(d) NE e du 
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2 The fundamental theorem of calculus 


Exercise 7 


A cross-section of a particular hill can be 
represented by the function 
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where x is distance in metres and h is height 
above sea level in metres, as shown in the 
graph below. A team of archaeologists wants 
to make an excavation to a depth of 1.5 m 
above sea level between the points 
corresponding to z = 10 and z = 14. The 
excavation is planned to be 2.5 metres across. 
Assuming that the cross-section of the hill 
remains the same across these 2.5 metres, find 
the volume of soil that must be removed, in 
cubic metres to three significant figures. 
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Exercise 8 


The shape of the logo of a particular company 
is the shape enclosed by the three curves a, b 
and c with equations 

32 
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E 2x +35 
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respectively, as shown on the graph below. 
The points of intersection of the curves are 
(0, 15), (10, 20) and (20, 15). 


'The company plans to commission a large 
metal display logo for its headquarters. The 
logo is to be sized as in the graph below, with 
the axis scales in decimetres (tenths of a 
metre). 
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Calculate the area of sheet metal required, as 
follows. 


(a) Calculate the area between curve a and 
the x-axis, from the y-axis to its 
intersection with curve b. 


(b) Calculate the area between curve b and 
the x-axis, from its intersection with 
curve a to its intersection with curve c. 


(c) Calculate the area between curve c and 
the x-axis, from the y-axis to its 
intersection with curve b. 


(d) Use your answers to parts (a), (b) and (c) 
to calculate the area of the metal logo, in 
square decimetres to three significant 
figures. 


Exercise 9 


A car moves along a straight road with 
constant acceleration from rest to a velocity 
of 30ms-!, which takes 9 seconds. It then 
drives at a constant velocity for two seconds, 
before decelerating at a constant rate to rest 
again, which takes 7 seconds. The 
velocity-time graph for its journey is shown 
below. How far does the car travel in total? 


9 11 18 
time, t (seconds) 


Exercise 10 


Suppose that the velocity of an object moving 
along a straight line is given by the formula 


v = (3 -t*) (0<t<4), 


where t is the time in seconds since the object 
began moving, and v is the velocity of the 
object, in ms^!. The graph of this equation is 
shown below. It lies above the t-axis for 

0 « t « 3, and below it for 3 < t < 4. 
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Find each of the following, in metres to two 
decimal places. 


(a) The change in the displacement of the 
object from time t = 0 to time t = 3. 


(b) The change in the displacement of the 
object from time t = 3 to time t = 4. 

(c) The change in the displacement of the 
object from time t = 0 to time t = 4. 

(d) The distance travelled by the object from 
time t = 0 to time t = 3. 

(e) The distance travelled by the object from 
time t = 3 to time t = 4. 


(f) The total distance travelled by the object 
from time t = 0 to time t = 4. 


3 Integration by 
substitution 


Exercise 11 


Use integration by substitution to find the 
following integrals. 


(a) f zda (W / as 
(c) [ (d) | 9a - 26a 


2 — x6 


(e) f taa © f tan? q xe TT 


Exercise 12 


Find the following integrals. 


(a) / tds 
(b) f (e? — sin(5t)) dt 
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4 
e f 1-52? em 


Exercise 13 


Evaluate the following definite integrals. Give 
exact answers, and also give answers to four 
decimal places. 


2 T 
(a) | Gat- e): OW) cos($t) dt 


1 
(c) n etl? dt 
0 


Exercise 14 


Use integration by substitution to find the 
following integrals. 


(a) | G-p i (b) / Vicus ds 


(c) / = a 


3 Integration by substitution 


Exercise 15 


Use integration by substitution to find the 
integral 


/ cos’ (2x) sin(2x) dz. 


Exercise 16 


An object is attached to a spring, which 
hangs vertically from a hook on the ceiling. 
'The object is pulled down to a distance of 
0.5 m below the ceiling. It is then released, 
with initial velocity zero, and oscillates 
vertically. Assume that the acceleration a (in 
ms?) of the object after it starts to oscillate 
is given by the function 


a = 2.5 cos(5t), 


where t is the time in seconds since the object 
was released. Take the positive direction 
along the line of motion to be upwards, and 
take displacement to be measured from the 
ceiling (so the displacement of the object at 
the moment of release is —0.5 m). 


(a) Find an expression for the velocity v 
(in m s^!) of the object at time t. 


(b) Find an expression for the displacement s 
(in metres) of the object at time t. 


(c) What is the displacement of the object 
when it is at its highest position, and at 
what time does this first occur? 


(d) What is the maximum speed attained by 
the object, and what is the displacement 
of the object when this first occurs? 


Exercise 17 


Use integration by substitution to evaluate 
the following definite integrals. Give exact 
answers, and also give answers to four decimal 
places. 


1 1 
(a) / 1(22? + 1)'P de (b) 1 ze" t3 dg 
0 0 


7/2 : 
(c) / cos x sin x dn 
0 


1 + sin? z 
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Exercise 18 Exercise 21 
Use integration by substitution to find the Use integration by parts to evaluate the 
following integrals. (In each case, to do this following definite integrals. Give exact 
you have to express a further factor in terms answers, and also answers to three decimal 
of the substitute variable u.) places. 
1 7/4 
(a) ES r—ldr (a) 1 ze” dz (b) f x sin(2x) dx 
0 —r/4 
T 4 2 
(b) J (3x — 1)4 a (c) f a’ Ina dx (d) f z? In(4a) de 
1 1 


1 
(e) f re” dy 
0 


Exercise 22 


4 Integration by parts 


Evaluate the definite integral 


E F 1 T/4 
xercise 19 / p cos(2x) dz. 
Use integration by parts to find each of the 0 
following integrals. Give an exact answer, and also an answer to 


four decimal places. 


(a) f ends 6 i 2: sin(4e) de 
(c) J eds W / gita du 


(e) fO- 32)sim2) dz 5 More integration 
(f) | 2592) dz 


Exercise 23 


Find the following integrals, using any 
appropriate method. 


fa) i s'sn(4s')ds (b) / ento de 


Exercise 20 


Find the following integrals. 
(a) fer cos(4x) dx 
x 5a” — 1 
——— d d d 
(b) | sin(5z) dz (e) J (8 — a")? ^ (a) / Qe 
(e) [costae — 5) dz 


Exercise 24 


Evaluate the following definite integrals, using 
any appropriate method. Give exact answers, 
and also answers to four decimal places. 


71/6 2 x 
a) | x cos(6x) dz (b) f orp 


Solutions to exercises 


Solution to Exercise 1 


We divide the interval between —12 and 12 
into eight subintervals. Each subinterval has 
width 24/8 — 3. 


The left endpoints of the subintervals are 
12, —9, —6, —3, 0, 3, 6, and 9 (as shown on 
the diagram). 


So the heights of the rectangles are 
$12) =6- 4 x(-12? 20 


f(-9) = 6 — 4 x (-9)? = 2.625 
f(-6) = 6 — $ x (-6)? = 45 
f(-3) = 6 — di x (-3)? = 5.625 
/(0)=6-4x0= 

/(3) =6- 4 x 3* = 5.625 

/(6) =6— 7 x6 = 45 

/(9) 26— 4 x Y = 2.625. 


Hence the approximate area is 


3 x (0+ 2.625 + 4.5 + 5.625 
+ 6 + 5.625 + 4.5 + 2.625) = 94.5. 


Solution to Exercise 2 

The required signed areas are as follows. 
(a) 29 

(b) 29-18 =11 

(c) —18+ 16 = —2 

(d) —4+ 29 = 25 

(e) -(-4) =4 

(f) —(—4 + 29) = —25 

(g) —(29 — 18 +16) = —27 
(h) —4 +29 — 18 + 16 = 23 


Solutions to exercises 


Solution to Exercise 3 


T 
(a) J en 


(b) f. fla) de =-38-493=-15 


(c) f ioi or mom 


10 
(d) f(x)dx = 23 — 23 = 0 


() [ Hæ) de = -(-38 + 23 — 23) = 38 
10 


(f) [ (ow = (7 — 38 + 23) — 8 


Solution to Exercise 4 


3 3 
(a) / 5/zde=5 | zi? de 
0 0 
_ [^T 
3 Jo 


2 3/2 
-s( x3 -0) 
3 


= 10V3 = 17.3 (to 3 s.f.) 
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(d) f (sve i) da 


É 1 
ET (2 ese +=) dz 
1 m 


4/3 4 
= ES + 2233/2 + In El 


3 x 41/3 
= = 


1 


+2 x 43/2 +14) 


3 x 14/8 
-( - 


= (3x 47 +16+ m4) — (3 +2+0) 


= 3 x 4/34 8 +ln4 
= 19.4 (to 3 s.f.) 


+2 x P? + m1) 


71/3 


7/6 


7/3 
(e) / cosec? 0 d0 = |- cot J 


= 1.15 (to 3 s.f.) 


YB 9 W 4d 
y "HM EN 
is i-r 1/93 lom 


V3 
=2 [tan”! r| 
1/43 


 tan(z/3) ^ tan(7/6) 


Solution to Exercise 5 


(a) n (2x + 3)(z — 4) dx 


= a? Šg — 122]; 
= (2 x 2? — $ x 2? — 12 x 2) 
-8-$-1) 
89 


>= = —14.8 (to 3 s.f.) 


(b) [ (2a: +1)? da 


5 
= (4? + 4z + 1) dz 
zB 


a +21? + z] B 
x 5% +2 x 5? + 5) 

— (3(—5)° + 2(-8* + (-8)) 
1030 


= — = 343 (to 3 s.f.) 


(c) [ tt) at 
MEE 


E [ (e? x) dt 
0 


4 
3 
4 
3 


[ 
zi 


1 
243/2 1/2 
EA vana 
2 
(3+2)-0 
8 
3 


= 2.67 (to 3 s.f.) 


-2 cC NEN (=)) T a E ( E 1) " 


T T 

(5-2) 
3 6 
x 


-( ed or 


88 
= — 29.3 (to 3 s.f.) 


Solution to Exercise 6 


7/3 
(a) (2 cos 0 — sin 0) d0 


su 


= E sin Ó + cos d a 
= (2sn(5) + cos(3)) 


— (2sin 0 + cos 0) 
3 
Ss) oo 


= V3 = t= 1.23 (to 3 s.f.) 


27 
(b) f (3sinz + 2 cosg + 2) dz 


—2r 
2r 
= [3 cosx + 2sin z + 2x 


—2m 
= (—3cos(2n) + 2sin(27) + 2 x 27) 

— (—3cos(—2n) + 2sin(—2m) + 2 x (—2n)) 
= (-3 x 1+ 2 x 0+ 4r) 

— (—3 x 1+2 x 0 — 4r) 
= Bg = 25.1 (03 s) 


(c) [ (e+) de 


6 
= Es +3me| 
1 
= (ef + 31n6) — (e! + 31n1) 
= ef —e+3ln6 
= 406 (to 3 s.f.) 


1/2 1 
d / —— du 
(d) ME ur: 


= sin ! (1) — sin! (-1) 
= 71/6 — (—7/6) 

=q8 

= 1.05 (to 3 s.f.) 


Solutions to exercises 


Solution to Exercise 7 
We have 


25 4? dw r T 
fa je 
a^ a qa] 
-| 800 ^ 24 2 
_f{ 14 14 14 
~ €. Um 1) 
10* 108 10? 
- (5 Us» t) 
_ 986 
x 
This is the area in square metres between the 


curve and the z-axis, from z = 10 tor = 14. 


'To find the area of the side of the excavation, 
we have to subtract the part of this area that 
is not to be removed, which gives 


986 536 
—-(15 x4) =>. 
( ) = Fe 


Hence the volume of soil that is to be 


removed is given by 


2 
A K25= LM 17.9 (to 3 s.f.). 
75 15 


So approximately 17.9 cubic metres of soil 
must be removed. 


Solution to Exercise 8 


(a) The required area is 


10 / %2 
/ (= + 15) dz 


3 10 
= Z 4 15a 
60 : 


= 415 610 | -0 
~ \ 60 
. 500 


3 
(b) The required area is 


20 / 92 
[i (5 — 27+ 35) dx 


3 20 
T 2 
= E — T E 


60 i 
208 
= | — — 20? + 35 x 20 
(Sy 27 +35 x20) 
10° 
=| — 10" 4355 10 
(Sy 10 +35 x20) 
_ 500 


3" 
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(c) The required area is 


20 3 2 
x T 
AREA O 
/ E 2077 jaz 


x a r? - 
=| = esc 
E 66 27 se| 
200 20? 20? 
=| ==> PRD 
800 60 2 
_ 500 
BENE, 


(d) You can see from the graph that you can 
find the area of the logo by adding 
together the two areas obtained in 
parts (a) and (b) and subtracting the 
area found in part (c). So the area, in 
square decimetres, is 

500 500 500 


2x — —— = — =l a 
x 3 3 67 (to 3 s.f.) 


Solution to Exercise 9 


'The distance travelled by the car is the area 
between the velocity—time graph and the time 
axis, which is 

3x9x30+2x30+3x7x 30 

= 135 + 60 + 105 

= 300m. 


Solution to Exercise 10 
(a) The change in the displacement of the 


object from time t = 0 to time t = 3 is 
given by 


3 
f aer- a 
0 
3 
f Be x^ dt 
0 


= [ie - i8] 
0 


= 1/3 4 1 5 


81 
= — = 2.03 (to 2 d.p.). 

10 (to 2 d.p.) 
So the change in displacement is 2.03 m 
(to 2 d.p.). 


alr 


(b) The change in the displacement of the 
object from time t = 3 to time t = 4 is 
given by 


So the change in displacement is —4.16m 
(to 2 d.p.). 


(c) The change in the displacement of the 
object from time t = 0 to time t = 4 is 
given by 


4 
f i66 - na. 


This integral is equal to 


3 4 
] 466a [ 166 - a. 


3 
which, from parts (a) and (b), is equal to 


81 499 32 
40 120 15 9002 ao) 


So the change in displacement is —2.13 m 
(to 2 d.p.). 


(d) The distance travelled by the object from 
time £ = 0 to time £ = 3 is the magnitude 
of the answer to part (a), which is 2.03m 
(to 2 d.p.). 


(e) The distance travelled by the object from 
time t = 3 to time t = 4 is the magnitude 
of the answer to part (b), which is 4.16m 
(to 2 d.p.). 

(£) The total distance travelled by the object 
from time t = 0 to time t = 4 is, by the 
solutions to parts (d) and (e), given by 


81 499 371 

— + — = — =6.18 (to 2 d.p.). 

40 120 60 (BSRR 
So the total distance travelled is 6.18 m 
(to 2 d.p.). 


Solution to Exercise 11 


du 
Let u = z?; then — = 
(a) Let u = r°; en dz 


fuera: q (601) 


= ; | snudu 


= —3 cos u +c 


--i cos(z?) + c. 


(c) Let u = 2 — z; then E = —62°. So 
3 


= -iln[u| +c 


= -iln|2- z”| + c. 


(d) Let u = 1 — 225; then es. —62?. 
da 


So 


Solutions to exercises 


d 
(e) Let u — e*; then T =e". 80 


= n 


=sinu+c 


= sin(e”) + c. 


d 
(f) Let u = tan z; then is = sec? q. So 


Juro sec? r dr = fe du 


18 
— su tc 


= itan?z + c. 


Solution to Exercise 12 


(a) By the sum rule and the rule for 
integrating a function of a linear 
expression, 


fee + cos(4z)) dz 
= a? + lsin(Ax) + c. 


(b) By the sum rule and the rule for 
integrating a function of a linear 
expression, 


/ (e?! — sin(5t)) dt 


= że” + £ cos(5t) + c. 


(c) Expanding the fraction in the integrand 
gives 


3x 2x 
MES = ) dz 
e 


= se" +e +e. 


11 
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(d) Let u = V5z; then du/dx = V5. So 


[NN 
1+5a 
4 1 
= A] a OR 


RI ps 
—« y5 i+w. 


= — tantu +c 


V5 


= = tan * (vie) tc. 


Solution to Exercise 13 


(a) f (Ba! — 28) de 


= $ (5e? — 5e* + 186) 


= —5.0045 (to 4 d.p.) 
(b) [ cos( 4) dt = [5sim(2]" 
=$ (sin ( 
= 10sin( 


= 5.8779 (to 4 d.p.) 


1 1 
(c) / etl? dt = [ae] 
0 0 


= 2e'/? — 2 
= 1.2974 (to 4 d.p.) 


Solution to Exercise 14 
(a) Let u = 2z — 5; then du/dx = 2. So 


fe — 5)H de 


= TI DE x2 dz 


EMEN 
=3X yu +c 

1 12 
= 3 (212 - 5) "^c 


12 


(b) Let u = 1 — 4a; then du/dx = —4. So 


[vive 
==} [ 0-42) x (4) de 


= - [wa 

= —+ x 2443/2 Tc 

i(1— 4a)9/? + c. 

(c) Let u = 7x — 2; then du/dx = 7. So 
3 


] ze 
=; f : x Tda 
T] fB=2 

1 


= 2In|ul +c 


= 2In|7z — 2] + c. 


(You may be able to find the integrals in this 
question more quickly by using the rule for 
integrating a function of a linear expression.) 


Solution to Exercise 15 


Let u = cos(2x); then o = —2sin(2z). So 
m 
| e» sin(2z) dz 


sel / cos" (2x)(—2sin(22)) de 


Solution to Exercise 16 
(a) The acceleration of the object is given by 
a = 2.5 cos(5t). 


Hence its velocity is given by 
v= fes cos(5t)) dt 


2.5 
x sin(5t) + c 
= 0.5sin(5t) + c, 


where c is a constant. 


= 


= 


Since v = 0 when t = 0, we have 
0=0.5sin 0 + c 
0=0+c 
e= 0. 
Hence the velocity is given by 
v = 0.5sin(5t). 
By part (a), the displacement of the 
object is given by 


A / (0.5sin(5t)) de 


0.5 
ce cos(5t) + k 


= —0.1cos(5t) + k, 


where k is a constant. Since s = —0.5 
when t = 0, we have 


— 0.5 = —0.1cos(5t) + k 
—05=-01x1+k 
k — —0.4. 


Hence the displacement of the object is 
given by 


s = —0.1 cos(5t) — 0.4. 


Since cos(5t) takes values between —1 
and 1, the displacement (in metres) of 
the object takes values between 


—0.1 x (—1) — 0.4 
and 
—0.1 x 1 — 0.4; 
that is, between —0.3 and —0.5. 


The object is at its highest position when 
its displacement is —0.3 m. 


This displacement occurs at every value 
of t such that 


cos(5t) = —1. 

So it occurs for the first time when 
ot = m; 

that is, when 


t= = = 0.628 (to 3 s.f.). 


So this displacement first occurs 
0.628 seconds (to 3 s.f.) after the object 
is released. 


From part (a), the velocity of the object 
is given by 


v = 0.5sin(5t). 


displacement, s (m) 


Solutions to exercises 


Hence its speed is given by 
lu] = |0.5sin(5t)]. 
Since sin(5t) takes values between —1 
and 1, the greatest speed is given by 
lv| = 0.5 x 1 — 0.5. 


So the maximum speed is 0.5ms”!, 


This maximum speed occurs at every 
value of t such that 


| sin(5t)| 2 1; 
that is, such that 
sin(5t) = El, 
So it occurs for the first time when 
T 
5t==; 
9? 
that is, 
T 
t = —. 
10 
This gives 
0.1 (5 x = ) 0.4 
= —0.1 cos — | -0. 
5 j 10 
T 
==01 (>) — 0.4 
COS > 
= —0.4. 


So the displacement of the object when 
the maximum speed first occurs is 
—0.4m. 


(The displacement-time graph for the 
object is shown below. The highest 
position seems to first occur after about 
0.6 seconds, as expected from the answer 
found to part (c), and the maximum 
speed (the largest magnitude of the 
gradient) seems to first occur when the 
object’s displacement is —0.4 m, as 
expected from the answer found to 

part (d). In fact, the maximum speed 
occurs whenever the object’s 
displacement is —0.4 m.) 


time, t (seconds) 
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14 


Solution to Exercise 17 
d 
(a) Let u = 2x? + 1; then is = Ay. 
VA 


Also, x = 0 gives u = 1 and x = 1 gives 
u = 3. Hence 


1 
f z(2z? + 1)! de 
0 


1 
= 3) (2x? + 1)! (4x) de 


3 
=; f ul”? du 
1 


3 
3/2 


1 (33/2 — 13/2) 


1 


6 
— 0.6994 (to 4 d.p.). 


(b) Take u = z? + 3 so gu =2m 
dz 


Also, z = 0 gives u = 3, and x = 1 gives 


u = 4. Hence 


1 1 
/ ze” H dz = J e” +3 (22) dx 


0 


4 

a | u 

=} f odu 
3 


l aT 
zai 
=} (8-2) 
= ie (e — 1) 


= 17.2563 (to 4 d.p.). 


Let u = 1 + sin? z; then 
du 


— = 2sinzcosz. 


da 
Also, z = 0 gives u = 1 and z = 7/2 gives 
u = 2. Hence 


7/2 cos z sin z 
Tan, de 
0 1+ sin* x 


| 
tol 


7/2 1 
f ——— (2cos x sin x) dz 
0 1+sin x 


= Afina), 
= $(In2- In1) 


"m 
= ln2 


= 0.3466 (to 4 d.p.). 


Solution to Exercise 18 


d 
(a) Let u = z — 1; then = zd 
dx 


Also, rearranging the equation u = x — 1 
gives x — u4 1. 


Hence 


f noiis | GEDIA 


= foo + ul/?) du 


(b) 


Let u = 3x — 1; then Y 
da 


Also, rearranging the equation u = 3r — 1 
gives 


3r— ucl 
z= i(u- 1). 
Hence 
x iq x 
] yp le p~ 
1(u + 1) 

=; j? m du 
-4 f eu) du 


=——— +0. 


Solution to Exercise 19 


(a) 


(b) 


f nec 


= z x gsin(3z) — pp x  sin(3z) du 


= ic sin(3x) — 2E dx 


= ga sin(3z) + $ cos(31) + c 


2x sin ( ix) dx 


= 2x (-5 cos(#2)) — f: (-5 cos(#2)) dz 
= —10x cos(x) + 10 | cos(42) da 


= —10z cos( 2) +50 sin(2x) +e 


Solutions to exercises 


(c) ES Hed 


= fo» 28 de 


dg 1,9 
= gv lng 17 +ó 


= za (9Ina —1)+c 


(d) T ás 


- f (In(5a)) x dz 


1 
= In(5z) x iz? — f — x za” da 
x 


- da? In(5x) — ZEE 
= iz? In(5z) — iz? +c 
= ia? (2In(5x) — 1) +c 
(e) n (dvds 
= (1 — 32) (—5 cos(2z)) 
- / (-3) (—1 cos(22)) da 


(3x — 1) cos(2x) — 3 | cos(22) dx 


1 
2 
= (3x — 1) cos(2x) — 2 x $sin(2z) + c 
= į (3x — 1) cos(2x) — ł sin(2x) + c 


(£) In this part we integrate by parts twice. 


= sin(3z) dz 


+4 (a x 2sin(zz) — f Lx 2sin( $2) ) +c 
= —2z° cos(4x) 
ES s [ sin(22) +c 
= —2a? cos($x) + 8z sin(x) + 16cos(4x) +c 
= 2(8 — x”) cos(x) + 82 sin(x) +c 
15 
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Solution to Exercise 20 
In each part we integrate by parts twice. 


(a) We can begin by swapping the order of 
the two factors in the integrand, to avoid 
introducing fractions in the early stages: 


jer cos(4x) dz = | s e*/3 dz. 


Integrating by parts twice gives 

| costae) e*/3 de 

= cos(4x) x 3e*/3 — fa sin(4x) x 3e"/3 de 
= 3 cos(4x) e*/? + 12 | ean e*/5 dz 


= 3 cos(4x) e*/3 + 12 (sna) x 3e*/3 


- | tosta) x 3e*/3 ar) 
= 3 cos(4z) e*/? + 36 sin(4z) e*/ 
— 144 f cos(4ar) e*/3 dz. 
Hence 
145 | cos(4a)e”/ dz 


= 3cos(4x) e”/* + 36 sin(4z) e” + c, 


which gives 
| costae) eel dz 
= dis (3 cos(4ar) e”/3 + 36 sin(4z) es) + c. 


(Remember that there is no need to 
divide the arbitrary constant c by 145: 
we just use a different arbitrary constant, 
which we also denote by c.) 


Swapping the order of the factors in the 
left-hand side back again, and taking out 
the common factors in the right-hand 
side, gives 


fer cos(4x) da 
= 3e”? (12 sin(4z) + cos(4x)) + c. 


(b) (In this part, swapping the order of the 
factors won't lead to fractions being 
avoided in the early stages, so we leave 
the order as it is.) 
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Integrating by parts twice gives 


f sin(5a) dz 
= e ?* (—1 cos(5z)) 


s J (20%) (1 sin(5)) de) 


= -ie 8 cos(5x) — ae 7 sin(5r) 


— sfe sin(5x) dz. 


(1+ 5) je sin(5x) dz 

= —ie " cos(5z) — Xe 7" sin(52) + c, 
which gives 
pee sin(5x) da 
= $8 (7 1e ^" cos(5z) — zge ** sin(5z)) + c 
= —gge >" (5cos(5x) + 2sin(5z)) + c. 


(Similarly to part (a), there is no need to 
divide the arbitrary constant c by 2.) 


Solution to Exercise 21 


1 
(a) n re^ dz 
0 


r/4 
(b) f x sin(22) dx 


—1/4 


= E (-i cos(2z)). 


r/4 


—n/4 


4 
(c) f a? nada 
1 


4 
= f (In x) z? dz 
1 


= [(1 2) x ner JĄ - (44?) dz 


3 j * 2 

= i(£4— nr) =i 
3 313 

= 614-0) - ifa? 
3 9 Ją 


= © In4 — $ (4? — 1) 


1 
9 
_ 64 

=; ln4—7 


= 22.574. (to 8 d.p.). 


-GG - Cie C3) 


3 


= 3(81n 8 In 4) jel 


= i241n2 — 21n 2) — $ e] 


=3 x 22ln2 — 5(8 — 1) 
= 5(661n2 — 7) 
= 4.305 (to 3 d.p.). 


1 
(e) jue dz 
0 


= ze + PAG = 1) 


= dz(15e? + Że” — 2) 


= T (17e? — 2) 


— 20.168 (to 3 d.p.). 


Solutions to exercises 


2 


1 
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Solution to Exercise 22 
We integrate by parts twice. 


We can begin by swapping the order of the 
two factors in the integrand, to avoid 
introducing fractions in the early stages: 


r/4 r/4 
> e” cos(21) dx = f (cos(22)) e"? dz. 
0 0 


Integrating by parts twice gives 


m/4 

f (cos(2x)) e”? da: 
0 
7/4 
= [cos(22) x 268 
0 
7/4 
— f (—2sin(2x)) x 2e7/? dz 
0 


7/4 r/4 
=2 Gá cos(2x)| : + af sin(2x)e”/? dz 
0 


r/4 
= 2(er/s cos (5) — el cos 0) + af sin(2x)e?/? da 
0 


r/4 
= 2(0 — 1) +4 ( [5o (22) x 2e? 


r/4 
-f 2cos(2x) x 2e7/? 2 
0 


7/4 
=-2+8 Gá sin(2x)| — if 
0 0 


= —2 + (e7 sin(5) — e sin 0) 


0 


r/4 
= 16 | e” cos(2x) dx 
° 7/4 
= —2 + 8(e7/* - 0) = 16 | e*/? cos(2x) de 
0 
7/4 
= —2 + 8e7/8 — 16 | e*/? cos(2x) da. 
0 


Hence 
7/4 
r | (cos(22)) e*/? da = —2 + 8e7/8, 
0 


which gives 


m/4 
/ e*/? cos(2x) de = E (4e7/* — 1) 
0 
— 0.5793 (to 4 d.p.). 


(An alternative way to evaluate the definite 
integral here is to integrate by parts twice to 
find the indefinite integral of e?/? cos(2x), and 
then evaluate the definite integral directly.) 


7/2 cos(2x) dz 


Solution to Exercise 23 


(a) Use integration by substitution. 


d 
Let u = 4x3; then CU = 1242, So 
du 
a sin(4x*) de 


= 5 | sin(42?) x 122? de 


1 
= b | sinudu 


= -4 cosu +c 
= —5 cos(4a”) + c. 
(b) Use integration by parts. 


zsin(6x) dx 
= x (-¿cos(6x)) — p x (—g cos(6x)) dz 


= -ir cos(6x) + 5 | seo dz 


= —ircos(6r) + $ x ¿sin(6x) + c 


= + sin(6x) — 


36 zx cos(6x) + c. 


(c) Use integration by substitution. 


= —4a?. So 


= x —u Ttc 
ol 
20u5 
1 
208—445 ^^ 


(d) Expand the integrand. 


Il 
ATN 
NI 
8 
N 
| 
Wile 
x 
a 
NL 
a 
8 


=3x iz?— 3 In |x| +c 
= ¿(52% — 31In |z]) + c. 


(e) Use the rule for integrating a function of 
a linear expression. 


nc — 5) dz = isin(4z — 5) + c. 


Solution to Exercise 24 


(a 


IR 


Use integration by parts. 
7/6 
f x cos(6x) dz 
0 


7/6 7/6 
= E x $ sin(6x)| -f 1 x ¿sin(6x) dz 


o 
= ¿[esin(so)] "4 | 7 sn(6z) dz 
= 4 (Zsnr- 0) - i[-3 cos(6m)] 
=04 4 [cos(6z)| T 

= d; (coss — cos0) 

= 35(-1-1) 


18 
= —0.0556 (to 4 d.p.). 


Solutions to exercises 


(b) Use integration by substitution, 
expressing the extra factor z + 2 in terms 
of u. 


d 
Let u = r +1; then ~ — 1. 
dx 


Rearranging the equation u = x + 1 gives 
x=u-=—l,so 
4+2=u-1+2=u+1. 


Also, z = 1 gives u = 2, and x = 2 gives 
u = 


= NEM 
2 

1]? 
= mu 

la 
= (In3— 3) — (In2- 5) 
=1m03+3 
=4+Im3 


= 0.5721 (to 4 d.p.). 
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